Abstract. We prove some general results on the T -equivariant K-theory K T (G/P ) of the flag variety G/P , where G is a semisimple complex algebraic group, P is a parabolic subgroup and T is a maximal torus contained in P . In particular, we make a conjecture about a positivity phenomenon in K T (G/P ) for the product of two basis elements written in terms of the basis of K T (G/P ) given by the dual of the structure sheaf (of Schubert varieties) basis. (For the full flag variety G/B, this dual basis is closely related to the basis given by Kostant-Kumar.) This conjecture is parallel to (but different from) the conjecture of Griffeth-Ram for the structure constants of the product in the structure sheaf basis. We give explicit expressions for the product in the T -equivariant Ktheory of projective spaces in terms of these bases. In particular, we establish our conjecture and the conjecture of Griffeth-Ram in this case.
Introduction
Let X denote the partial flag variety G/P , where G is a complex semisimple simply-connected algebraic group and P is a parabolic subgroup of G containing a fixed Borel subgroup B. The group B acts with finitely many orbits on X, and the closures of these orbits (called the Schubert varieties) are indexed by W P , the set of minimal length coset representatives of W/W P (where W is the Weyl group of G and W P is the Weyl group of P ); the Schubert variety corresponding to w ∈ W P is denoted X P w . The Poincaré duals of the fundamental classes [X P w ] (called the Schubert classes) form a basis for the cohomology ring H * (X). The structure constants of the multiplication in H * (X) with respect to this basis have long been known to be non-negative.
This positivity result has been generalized in different directions. If T is a maximal torus of B, then the equivariant cohomology ring H * T (X) is a free module over H * T (pt), the equivariant cohomology ring of a point, again with a basis consisting of Schubert classes. As proved by Graham [Gra01] , the structure constants in this basis again have a positivity property generalizing the non-equivariant positivity. Similarly, the Grothendieck group K(X) has a basis consisting of classes of structure sheaves [O X P w ] of Schubert varieties. As proved by Brion [Bri02] , the structure constants of the multiplication in K(X) have a predictable alternating sign behavior, which we will refer to as a positivity property.
The positivity in H * T (X) and the positivity in K(X) each imply the positivity in H * (X). Our aim in this paper is to discuss a positivity property for the multiplication in the T -equivariant Grothendieck group K T (X) encompassing the positivity both in H T (X) and K(X). One subtlety in the T -equivariant K-theory is that K T (X) has two natural quite different bases: the basis consisting of classes of structure sheaves of Schubert varieties (called the structure sheaf basis), and the dual basis with respect to the natural pairing on K T (X) (called the dual structure sheaf basis).
Surprisingly, both the structure sheaf basis and the dual structure sheaf basis of K T (X) seem to exhibit the positivity phenomenon. Let R(T ) denote the representation ring of T , which is a free abelian group with basis consisting of the characters e λ . Let ∆ denote the set of roots of Lie G with respect to Lie T , and ∆ + the set of positive roots (chosen so that these are the roots of Lie B). Let {ξ (see Conjecture 3.10 and Remark 3.11). The validity of this conjecture for P = B implies its validity for any P (cf. Proposition 3.12).
In this paper we conjecture that the coefficients p The main purpose of this paper is to prove some results giving evidence for Conjectures 3.1 and 7.1. The most substantial results are explicit formulas for the coefficients p w u,v (P ) and b w u,v (P ) in case X = P n (see Theorems 6.7 and 6.14). From this theorem we deduce recurrence relations (Theorems 6.11 and 6.17) for the coefficients p w u,v (P ) and b w u,v (P ) which imply Conjectures 3.1 and 3.10 for X = P n . We also prove that in the case P = B, Conjecture 3.1 holds for the coefficients p w u,e and p w u,s , where e and s are (respectively) the identity element of W and a simple reflection (see Proposition 3.8 and Remark 3.9). We verify Conjecture 7.1 in the case Y is any opposite Schubert variety X w P (cf. Proposition 7.6 and Remark 7.7(a)). A secondary purpose of this paper is to collect various results relating different bases of K T (X), and relations among the structure constants in these bases. Among the natural bases of K T (X) are the structure sheaf basis, the dual structure sheaf basis, and the basis of the dualizing sheaves of Schubert varieties. Also, one can take opposite Schubert varieties in place of Schubert varieties. The positivity conjectures have different formulations in terms of these different bases. We describe some of the relations between these bases and structure constants, in the hope that this paper will serve as a useful reference for other workers in this area.
The contents of the paper are as follows. Section 1 lays down the basic notation. Section 2 contains some preliminary results on K T (G/P ). In particular, it identifies the dual structure sheaf basis and also the basis of the dualizing sheaves of Schubert varieties (cf. Propositions 2.1 and 2.2). Section 3 contains the statement of our positivity conjecture (Conjecture 3.1). We prove the conjecture for the coefficients p w u,e and p w u,s (for any simple reflection s) in the case P = B (cf. Proposition 3.8 and Remark 3.9). We observe that the conjecture has also been verified by an explicit calculation for any rank 2 group in the case P = B. By a result of Brion, the nonequivariant analogue of this conjecture holds (Remark 3.7). This section also contains the positivity conjecture of Griffeth and Ram (cf. Conjecture 3.10) and its equivalent reformulation in terms of the dualizing sheaves (cf. Proposition 3.13). It is shown that the validity of the Griffeth-Ram conjecture for P = B implies its validity for any P (cf. Proposition 3.12). Section 4 proves some relations between the structure constants with respect to the structure sheaf basis and the dual structure sheaf basis (cf. Propositions 4.1 and 4.3). Section 5 proves that the structure constants with respect to either basis in the case P = B lie in the subring Z[e −β − 1] β∈∆ + of R(T ) (cf. Theorem 5.1 and Corollary 5.2). Section 6 contains the explicit formula for the structure constants in the case X = P n in the dual structure sheaf basis, and the recurrence relation implying Conjecture 3.1 in this case (cf. Theorems 6.7, 6.11 and 6.12). Similar results are also obtained in the structure sheaf basis. Section 7 contains our more general conjecture asserting the positivity of the coefficients of the class of the structure sheaf of a T ′ -stable subvariety Y of G/P with rational singularities written in terms of the structure sheaf basis (cf. Conjecture 7.1), for any subtorus T ′ ⊂ T . We prove this conjecture in the special case where Y is any opposite Schubert variety in any G/P (cf. Proposition 7.6 and Remark 7.7(a)).
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1.1. Definitions and notation. We work with schemes over the ground field of complex numbers.
Let X be a smooth algebraic variety with an action of a torus T . Let K T (X) denote the Grothendieck group of T -equivariant coherent sheaves on X; because X is smooth, K T (X) may be identified with the Grothendieck group of T -equivariant vector bundles on X. Thus,
is a ring; we will sometimes write the multiplication in K T (X) using the notation of tensor product. The class in K T (X) of a Tequivariant coherent sheaf F will be denoted by [F ] . In particular, if Y ⊂ X is a T -stable closed subscheme, then the structure sheaf of
denote the standard involution taking a vector bundle to its dual and e λ to e −λ . If r ∈ R(T ), we will sometimes write r for * r, where R(T ) is the representation ring of
Recall that R(T ) is a free abelian group (freely) generated by the characters e λ of T . If V is any representation of T , we write ch V for the corresponding element of R(T ) (a linear combination of e λ ). The group K T (X) is an R(T )-module. If X is proper, and F is a T -equivariant coherent sheaf on X, write h i (X, F ) = ch H i (X, F ) and
We extend this definition to define χ(X, γ) for any γ ∈ K T (X). We write h i (X, F ) = * h i (X, F ) and χ(X, γ) = * χ(X, γ). For X proper, there is a pairing
If F is supported on a T -stable subscheme Y , then, viewing F as a sheaf on Y , we have χ(X, F ) = χ(Y, F ).
Let G be a semisimple connected simply-connected complex algebraic group. For the rest of the paper, T will denote a maximal torus of G. Let B be a Borel subgroup of G containing T and, as above, let ∆ denote the set of roots and ∆ + the set of positive roots, chosen so that the roots of Lie B are positive. Let {α 1 , . . . , α ℓ } ⊂ ∆ + denote the simple roots, and let s i denote the simple reflection corresponding to
α∈∆ + α. Let B − denote the Borel subgroup of G such that B ∩ B − = T . Let P ⊃ B be a (standard) parabolic subgroup of G and let W P be its Weyl group. Let W P be the set of the minimal length coset representatives in W/W P . For w ∈ W P , let X P w (respectively, X w P ) be the Schubert variety (respectively, the opposite Schubert variety) defined by
(Here and elsewhere we use the same notation for elements of W and lifts of those elements to G.) Set
BvP/P, and ∂X
Except in Section 6, we will abbreviate X B w and X w B by X w and X w , respectively. If λ is a character of P and C λ is the corresponding 1-dimensional representation of P , let L(λ) denote the line bundle
Given an element γ ∈ K T (G/B), we write γ(w) for the pullback of γ to K T ({wB}) = R(T ).
Preliminary results on K T (G/P )
Recall that X 
The next proposition is known and has been observed for example by Knutson (see [Buc02, Section 8] ).
]} w∈W P and {ξ w P } w∈W P are dual bases under the above pairing.
Proof. Since the intersections X 
Combining the above, we get the proposition. 
Proof. By [Ram87, Theorem 4.2], as non-equivariant sheaves,
We now determine ω Xw as a T -equivariant sheaf. Since BwB/B is a smooth open subset of X w , ω Xw | (BwB/B) is the canonical line bundle. The fiber of ω Xw at the T -fixed point wB ∈ BwB/B as a T -module is given by the character
The fiber of L(−ρ) at wB has weight wρ and clearly the fiber of O Xw (−∂X w ) at wB has weight 0. Combining the above, we get (a). (Here we have used the fact that on a reflexive sheaf S of rank 1 on an irreducible projective T -variety X, there exists at most one T -equivariant structure such that the induced T -module structure on the stalk of S at a T -fixed point x 0 ∈ X is trivial.)
The proof of (b) is similar.
By the preceding proposition, this implies that * τ w = ξ w −1 , proving the first equality of (c). The second equality of (c) follows from (b) and the definition of ξ w . By [Bri02, §2] (which holds equivariantly), for
Part (d) follows by combining (c) with this equation for Y = X w −1 , using the fact that ω G/B ∼ = L(−2ρ).
3.
A positivity conjecture for K T (G/P ) 3.1. Positivity in the dual Schubert basis. We make the following conjecture concerning the multiplication in K T (G/P ) in terms of the basis {ξ w P }. Conjecture 3.1. For any (standard) parabolic subgroup P and any u, v ∈ W P , express
where the notation Z + [e −β −1] β∈∆ + means polynomials in {e −β −1} β∈∆ + with coefficients in Z + .
We will write simply p (a) By an explicit case by case calculation, we have verified the validity of the above conjecture for P = B and any rank-2 group G. (b) We show the validity of our conjecture when G = SL n+1 and P is the standard maximal parabolic subgroup corresponding to the first node (so that G/P = P n ) in Section 6.
The next proposition gives a relation between structure constants under the inclusion of flag varieties associated to Levi subgroups. In the special case where the flag varieties are projective spaces, this result also follows from our explicit calculation of the structure constants (see Corollary 6.10).
Proposition 3.3. Let G, P, T be as in the above conjecture and let L be the Levi subgroup of P containing T . Let Q be a standard parabolic subgroup of G contained in P and let Q L := L ∩ Q be the corresponding parabolic subgroup of L. Then, for any u, v, w
On the other hand, since i * is a ring homomorphism, we have
Comparing these two expressions, we get the proposition.
Lemma 3.4. Let π : G/B → G/P denote the projection. Then
Proof. We have π
, and this holds if and only if u ∈ vW P . The lemma follows from this, together with Proposition 2.1 applied to the case of G/B.
Unlike Conjecture 3.10 below due to Griffeth-Ram, the validity of the above conjecture for P = B does not seem to give the validity of the conjecture for an arbitrary (standard) parabolic P . In fact, we have the following proposition relating the structure constants for P and B.
Proof. Since
taking π * and using the above lemma, we get
Equating the coefficients from the two sides, we get the proposition.
Let D be the diagonal map G/P → G/P × G/P . This, of course, induces the push-forward map
and also the pull-back (product) map
Here we have identified Proposition 3.6. For any u, v, w ∈ W P ,
Proof. This follows from functorial properties of K-theory. To see this, for any space Y , write π Y for the projection from Y to a point. Write
Since {ξ
Remark 3.7. The non-equivariant analogue of the preceding proposition holds with the same proof. Combining this with [Bri02, Theorem 1], we see that the structure constants F (p w u,v (P )) for the nonequivariant multiplication in the basis {ξ u P } u (cf. equation (4) of Conjecture 3.1); here F : R(T ) → Z is the forgetful map) satisfy
For any subset S ⊂ {1, · · · , ℓ} (including S = ∅), let W S be the subgroup of W generated by the simple reflections {s i , i ∈ S}. Recall that
Proposition 3.8. For any u, w ∈ W , and any S ⊂ {1, · · · , ℓ}, we have (−1)
In particular,
Proof. As in Proposition 3.6, write
Pairing this with ξ u ⊠ L(−ρ S ), we get
where ρ i is the i-th fundamental weight and ρ S := i / ∈S ρ i . We claim that, for any v / ∈ W S ,
Let P = P S be the parabolic subgroup corresponding to the subset S, i.e., the Levi subgroup of P S containing T has for its simple roots {α i } i∈S . Then, the line bundle L(−ρ S ) is the pull-back of a line bundle on G/P . Moreover, by [BK05, Theorem 3.3.4],
where v ′ is the coset representative of minimal length in the coset vW S . Take s j , j / ∈ S, such that v ′ s j < v ′ . Then, the standard projection
1 -fibration and L(−ρ S ) has degree -1 along the fibers of π, where P j = P {j} . Hence, R i π * L(−ρ S ) = 0 for all i; (6) follows from this and the Leray spectral sequence together with (7).
For v ∈ W S , by (7),
Thus,
Thus, by (5),
By [Bri02, Theorem 4], this equals
where w o is the longest element of W . (Brion's result is stated nonequivariantly, but if we change his duality formula to the following:
wov wow (−λ)), then it remains true T -equivariantly by a similar proof.) By [BL03, Proposition 1], the restriction map
is surjective. Also,
is the irreducible G-module with highest weight −w o ρ S , we see that (10)
Combining (8)- (10), we get the lemma.
Remark
3.2. Positivity in the structure sheaf basis. We recall below the conjecture of Griffeth and Ram on the nonnegativity of the product in the structure sheaf basis. They verified their conjecture for rank-2 groups by an explicit case by case calculation. In this section we prove that the validity of their conjecture for P = B implies its validity for every (standard) parabolic subgroup P , and give an equivalent formulation of their conjecture in terms of dualizing sheaves.
Conjecture 3.10. For any standard parabolic subgroup P and u, v ∈ W P , express
Remark 3.11. Express
Then, an equivalent formulation of the above conjecture asserts that
Moreover, an argument similar to the proof of Proposition 3.6 shows that the structure constants b w u,v (P ) are described by the equation:
Proposition 3.12. We have
Hence, the validity of the above Conjecture 3.10 for P = B implies its validity for every (standard) parabolic subgroup P .
Proof. Let π : G/B → G/P be the standard projection. Since π is a T -equivariant smooth morphism, for any T -stable closed subvariety
since B − wP/P = w o Bw o wP/P and w o w is the longest element in the W P -orbit w o wW P .
Since π * is a ring homomorphism, (12) follows from (13).
As a consequence of this proposition, we will simply write c The following proposition provides an equivalent formulation of Conjecture 3.10 in terms of dualizing sheaves.
Proposition 3.13. For any standard parabolic subgroup P and any u, v ∈ W P , express
. In particular, Conjecture 3.10 is equivalent to the conjecture that d
Multiply equation (14) by
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By (16), the above equation reduces to
Comparing this with the identity (11) of Conjecture 3.10, we get 
Relations between structure sheaf constants
In this section we restrict to the case P = B, and prove two relations (Propositions 4.1 and 4.3) between the structure constants in the structure sheaf basis and the structure constants in the dual basis. However, we do not know how to use these relations to relate the two positivity conjectures 3.1 and 3.10.
for some (unique) d Proof. By Proposition 2.2, * ξ
We have
and hence
From this the proposition follows.
Before stating the second relation between structure constants, we compare the bases {ξ Thus,
Proof. By Proposition 2.1,
according as X w ∩ X v is nonempty (or empty), i.e.,
This proves the first part of the lemma. Define the matrix E = (e v,w ) v,w∈W .
Then, by [Deo77, §3], E −1 is the Möbius function, i.e.,
From this the second part of the lemma follows.
We can now state the second relation between the structure constants. To prove (18), write by Lemma 4.2, The main result of this section is the following theorem concerning the structure constants in the dual structure sheaf basis, in the case P = B. 
By (19),
Moreover, by [KK90, Proposition 2.22(b)],
. 
where
is minimum with this property. Then, (24) implies that
which is a contradiction, since the constant term of τ w −1 (w −1 ) is 1. Hence, a w u,v ∈ R, as desired. Proof. This follows by combining Theorem 5.1 and Proposition 4.3. Alternatively, it can be deduced by an argument similar to the proof of Theorem 5.1, using the formula of [Gra02] for the pullback of elements of the structure sheaf basis to T -fixed points.
6. Positivity in equivariant K-theory of P n In this section we prove an explicit formula for the structure constants in the dual structure sheaf basis in case G/P = P n . We use this to deduce a recurrence relation which implies Conjecture 3.1 in this case. We give the analogous results for the structure sheaf basis. This section can be read independently of the previous sections, except for references to a few results.
6.1. Preliminary results on K T (P n ). Let X = P n with projective coordinates [x 1 , . . . , x n+1 ]. Thus, X = G/P , where G = SL n+1 and P = stab[1, 0, . . . , 0]. Let T = {(t 1 , . . . , t n+1 ) ∈ (C * ) n+1 | t i = 1} be the maximal torus of G acting on X in the obvious way. Let B denote the set of upper triangular matrices in G. Let e ε i ∈T be defined by e ε i (t 1 , . . . , t n+1 ) = t i , whereT is the group of characters of T . Written additively, we denote e ε i by ε i itself. Then, the set of positive roots is ∆ + = {ε i − ε j |1 ≤ i < j ≤ n + 1}. Let χ i = ε 1 + · · · + ε i , i = 1, . . . , n + 1; for i ≤ n these are the fundamental (dominant) weights. The elements of W P can be identified with the set of integers [n] := {0, 1, . . . , n}. In this section we deviate from our convention in the rest of the paper and, for any u ∈ [n], simply write X u , X u , ξ u for X (µ 1 , . . . , µ k ) denote the T -module with weights µ 1 , . . . , µ k . Let E p (x 1 , . . . , x r ) denote the p-th elementary symmetric function in the variables x 1 , . . . , x r . Recall that D denotes the diagonal embedding of X in X × X.
Proof. Arguing as in the proof of Proposition 3.6, we get that the left hand side equals χ(X,
Since X w intersects X u and ∂X u properly and these varieties are Cohen-
In general, if Y is a closed subscheme of X, the projection formula
For any n ∈ Z, the character e nε 1 of T extends to a character of P . As earlier, let C nε 1 denote the corresponding P -module and let L(nε 1 ) denote the line bundle G × P C −nε 1 on X = G/P = P n .
Lemma 6.2. For any n ∈ Z, L(nε 1 ) ∼ = O X (n) as G-equivariant line bundles, where O X (1) denotes the dual of the tautological bundle.
Proof. Both L(nε 1 ) and O X (n) are sheaves of sections of G-equivariant line bundles. Hence, the line bundles are determined by the character of P on the fiber over the P -fixed point [1,0, . . . ,0]. Since P acts by the character e −nε 1 on each line bundle, the line bundles are isomorphic.
Lemma 6.3. If w ≥ u, then as T -equivariant coherent sheaves on
u is a projective space. To prove the lemma, we will show more generally that if T acts on a vector space V with weights µ 1 , . . . , µ k+1 , then, as T -equivariant sheaves on P(V ), we have
where P(V ) denotes the space of lines in V . This is a consequence of [Har77, Ex. III.8.4]; a direct proof is as follows. We know that nonequivariantly ω P(V ) ∼ = O P(V ) (−(k + 1)). So, equivariantly we must have + 1) ), for some character e µ of T . To determine µ, observe that T acts on H k (P(V ), ω P(V ) ) by the trivial character e 0 = 1. This holds since, by Serre duality,
Moreover, this isomorphism is T -equivariant because the Serre duality is natural; since T acts trivially on H 0 (P(V ), O P(V ) ), the claim follows. On the other hand, we claim that T acts on H k (P(V ), O P(V ) (−(k + 1))) with weight µ 1 + · · · + µ k+1 . To prove this, observe that on the open set U i where the i-th coordinate x i is nonzero, we have a section + 1) ). Since T acts on this section with weight µ 1 + · · · + µ k+1 , the claim follows. We conclude that, T -equivariantly,
proving the lemma.
Let Y i ⊂ X be defined by the equation
On the open set U j : x j = 0, we have affine coordinates
, which transforms under T by the weight ε j − ε i . Similarly, O X (−1)(U j ) is generated by the section
which transforms under T by the weight ε j . Since
Remark 6.5. More generally, the following is true. Let Y be any Tscheme and let L be a T -equivariant line bundle on Y . Given a section σ of weight λ and zero scheme Z(σ), we have
See Proposition 7.3 for a related result.
Corollary 6.6.
is the transverse intersection of Y 1 , . . . , Y v , we have by Lemma 6.4, 6.2. Structure constants with respect to the dual structure sheaf basis for
We have the following explicit formula for the structure constants with respect to the dual structure sheaf basis.
Theorem 6.7. For any 0 ≤ u, v, w ≤ n,
Proof. We have
where the first equality is by Propositions 3.6 and 2.1 and the second is by Lemma 6.1. Suppose first that v < n. (We separate the case v = n because the formula for ξ v is different in this case.) We have, by Corollary 6.6,
We apply Serre duality to this formula, using the formula of Lemma 6.3 for the dualizing sheaf. Thus, the above sum can be expressed as (note that X w ∩ X u is nonempty iff w ≥ u and dim X w ∩ X u = w − u):
In this expression, the only contribution comes from the cohomology in degree 0 (this follows from [Har77, Theorem III.5.1], since X w ∩ X u is a projective space). So, the above expression reduces to
Form the generating function
where the expansion of (1 − te ε j ) −1 is at t = 0 (i.e., as a power series in t). Then,
Setting s = t −1 , we obtain
(1 − te
where multiplying by t v enabled us to shift degree from u−w to u+v−w, and in the last step we have used the equation χ v+1 = ε 1 + ... + ε v+1 . From this last expression, we obtain
.
Replacing u by u+1 in the formula for χ(X w ∩X u , ξ v ) yields an expression for χ(X w ∩ X u+1 , ξ v ) (the expression turns out to be 0 if u = n, so we can allow the case u = n in the argument). The difference is
Since χ u + ε u+1 = χ u+1 , we obtain the desired expression from (25). This proves the result if v < n. Interchanging the roles of u and v proves the result if u < n. The only remaining case is u = v = n. Rather than imitate the argument above for this case, we will simply calculate both sides of the equation in the statement of the theorem.
(1 − e ε n+1 −ε i )) ξ n .
So
(27) p w n,n = 0 if w < n and
Observe that the right side of the equation in the statement of the theorem is 0 unless w = n (see the proof of Corollary 6.8 below). So, it suffices to calculate this side if w = n. The case n = 1 gives the correct result (we omit the calculation). Assume the result holds for n − 1. We have
The second product is of degree n − 1 in t and therefore contributes nothing to the degree n + 1 part. So, the above expression equals
where in the last step we have used our inductive hypothesis. The result follows from identity (28).
. . , ε n+1 ). Proof. Let A be as in the proof of Theorem 6.7. We can cancel common factors from the numerator and denominator to write
By Theorem 6.7,
We can get rid of the factor t in the numerator by taking the part in degree u + v − w. Since e ε u+1 − e ε 1 = e ε 1 (e ε u+1 −ε 1 − 1), we see that the above expression equals (e ε u+1 −ε 1 − 1) e
Using the definition χ k = ε 1 + ... + ε k , we see that the above expression equals (e ε u+1 −ε 1 − 1)p
Using this we see that the expression (29) equals e ε u+2 −ε 1p w−1 u,v−1 (ε 2 , . . . , ε n+1 ). This proves the theorem.
As an immediate consequence of these results, we can verify Conjecture 3.1 for projective space:
Proof. This holds if v = 0 by Corollary 6.9. The general case follows by induction using the recurrence of Theorem 6.11.
Then, by the same proof as that of Theorems 6.7 and 6.11, we have the recursioñ q w u,v = (e ε u+1 −ε 1 − 1)q w−1 u−1,v−1 (ε 2 , . . . , ε n+1 ) + e ε u+1 −ε 1q w−1 u,v−1 (ε 2 , . . . , ε n+1 ). So, by induction on w, we get that
(b) As a consequence of Theorem 6.11 and Corollary 6.9, we get that in the non-equivariant K-theory K(P n ), we have 6.3. Structure constants with respect to the structure sheaf basis of K T (P n ). We give explicit formulas for the structure constants with respect to the structure sheaf basis. These are strikingly similar to the formulas for the structure constants in the dual structure sheaf basis, but they differ subtly. We will state these formulas here. We omit most details of the proofs, which are very similar to the proofs in the previous subsection.
Let w o denote the longest element of the Weyl group of SL n+1 , so w o (ε i ) = ε n+2−i . For u ∈ [n], letū = n − u. To state our formulas, it will be convenient to introduce the notation r 
Proof. Using Remark 3.11 and Proposition 2.1, we see that
Arguing as in the proof of Proposition 2.1, we see that the right side of the above identity is equal to
The case w = 0 of the theorem can be checked separately, so assume w > 0, i.e.,w < n. Then, the above expression equals 1) By (a subsequent) Proposition 7.6 and Remark 7.7(a), the above conjecture is true for Y = X v P ⊂ G/P . 2) We have verified the above conjecture by an explicit calculation for G = SL 3 , P = B and Y = X w ∩ X v for any v, w ∈ W .
In the next proposition we view P 1 as having projective coordinates [x 0 : x 1 ], so Nonequivariantly, I 0 = I ∞ = O P 1 (−1), so I 0 ⊗ I * ∞ is non-equivariantly isomorphic to O P 1 . Near 0 = [0 : 1] the sheaf I 0 is generated by x 0 /x 1 , which has weight −α, and I ∞ near 0 is generated by 1. Hence, as T -equivariant sheaves, I 0 ≃ e −α I ∞ . So, ], for some (unique) P w ∈ R(T ).
Then, for any v ∈ W ,
Proof. Let f : T → T ′ be any homomorphism. If X is any scheme with T ′ -action, and T acts on X via f , then there is a map f * : K T ′ (X) → K T (X) extending the natural pull-back map R(T ′ ) → R(T ). For any T ′ -stable closed subscheme Y of X, f * takes the class of O Y in K T ′ (X) to the class of O Y in K T (X). We now apply this to X = G/P and f : T → T given by f (t) = vtv −1 . Since f * r = v −1 r for r ∈ R(T ), we get from (30) the equation 
